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Abstract

The problem of diffraction of a plane wave by a grating consisting
of absolutely absorbing screens of different height is studied. It is sup-
posed that the angle of incidence is small. The problem is considered
in the parabolic approximation.

Edge Green functions are introduced. The embedding formula and
the spectral equation for the edge Green functions are derived. The
OE-equation for the coefficients of the spectral equation is constructed.
The latter is solved numerically. The evolution equation describing the
dependence of the edge Green functions on the geometrical parameter
(the height of the screens) is proven. Using this equation, the asymp-
totics of the reflection coefficient is calculated for the principal mode.

1 Introduction

The problem of scattering of a waveguide mode by an open end of a waveguide
with acoustically hard thin walls was studied by L. A. Weinstein [1]. The
problem was solved by applying Wiener-Hopf method [2]. The coefficients
of scattering of the incident mode (the mode moving towards the open end
of the waveguide) into the reflected modes (the modes moving back from the
open end) were obtained. This problem is of a significant practical value. Tt
helps to describe oscillations in a Fabry—Perot resonator, which is considering
as a part of a waveguide in this case. A wave process in such a resonator is
represented as successive reflections by open ends of the waveguide.

The key result obtained by L. A. Weinstein is as follows. A high-frequency
mode (i. e. a mode with wavelength much smaller than the width of the



waveguide) close to the cut-off frequency (i. e. composed of partial waves
traveling almost perpendicular to the axis of the waveguide) has reflection
coefficient close to —1. This result is quite surprising because the open end
of the waveguide has no reflective structures. The coefficient close to 0 would
be rather expected due to radiation of the wave energy into the open space.
The fact that the reflection coefficient is close to —1 explains high Q-factor
of Fabry—Perot resonators in the absence of focusing elements.

The problem of high-frequency scattering close to the cut-off frequency is
quite complicated since the problem cannot be solved in terms of the geomet-
rical theory of diffraction: the field contains multiple penumbra components.
Here we mean that a primary penumbral field being scattered by an edge
generates a secondary penumbra, etc.

L. A. Weinstein noticed that by using the reflection principle one can
reformulate the problem of diffraction by a waveguide outlet as a problem
of scattering on a branched surface by a periodic diffraction grating formed
by branch points. This formulation seems to be more convenient due to the
possibility to analyze this problem using the formalism of the edge Green
functions. One can use a parabolic approximation in the high-frequency
case. In the parabolic approximation one can can study a grating composed
of perfectly absorbing screens instead of the branched surface.

Calculation of the Q-factor of high-frequency modes in open rectangular
resonators leads to the problems similar to the Weinstein’s one [3]. Modes
in such resonators can be represented as families of rays propagating along
closed billiard trajectories. The losses of the modes are due to diffraction.
One can associate periodic gratings having more complex periods with such
problems. Unfortunately, these problems cannot be solved using the classic
Wiener—Hopf method. Particularly the problem solved here can be reduced
to a matrix Wiener—Hopf equation. Solution of this equation is unknown.

A new technique of solving Weinstein’s problems has been proposed by
the authors [4, 5|. This technique does not rely on the Wiener-Hopf method.
The main aim of the current work is to develop this technique further and
to construct efficient numerical and asymptotical methods based on it.

A physical problem that motivates the present study is the problem of
radiation by an open end of a plane waveguide with walls of different height
(see Fig. 1a) ). A stationary acoustical problem is considered, the walls
of the waveguide are supposed to be perfectly reflecting (acoustically hard)
and infinitely thin. The incident waveguide mode is supposed to be close
to its cut-off frequency, i. e. the partial Brillouin waves propagate almost
perpendicularly to the axis of the waveguide. It is necessary to find the
coefficients of scattering into the reflected modes.

In the language of Fabry—Perot resonators this problem is related to a res-



Fig. 1: Geometry of studying systems : a) Open waveguide, b),c) Fabry-Perot
resonators

onator with parallel mirrors of different height or with staggered mirrors(see
Fig. 1b), ¢) ). This problem was studied in [1| using Fox-Li integral equa-
tions. The integral equations were reduced to a functional equation for the
reflections coefficients and in the approximation of small angles some rough
estimations of the mirror reflection coefficient have been made. L. A. Wein-
stein did not obtain any asymptotic expression for the scattering coefficients.

Using the reflection method [5] this problem can be reduced to the prob-
lem of scattering by a periodic grating of perfectly absorbing screens (see
Fig. 2). In the high-frequency case the last problem can be studied in the
parabolic approximation. The reflection coefficients for the initial problem
correspond to the scattering coefficients for the grating.

Fig. 2: Geometry of the periodic grating

The embedding formula is derived for the problem in the current paper.
This formula expresses the scattering coefficients in terms of the directivities
of the edge Green functions.

Then the spectral equation is derived, which is the ordinary differential
equation for the directivities of the edge Green functions. An OE-equation for



the coefficient of this differential equation is constructed. The OE-equation
is solved numerically. This part of the paper is close to |5]. Then the evo-
lution equation describing the dependence of the edge Green functions and
of the coefficients of the spectral equation on the geometrical parameter y*
is derived. Asymptotic expressions for the directivities of the edge Green
functions and asymptotics of the reflection coefficient are built by using the
evolution equation.
We use the results obtained in [5| where it is possible.

2 Problem formulation

Consider Cartesian plane (x,y). Let the field variable u satisfy the parabolic

diffraction equation:
0 1 0
4 — = )u=0. 1
<8$+2ik’6y2)u ! (1)

Perfectly absorbing screens are placed along the lines z = z,,,, ¥y < Y, m € Z,

T = am, (2)
0 m even,
Ym = { y* m odd. (3)

The field on the screens is discontinuous. Perfect absorption means that the
following boundary conditions are satisfied on the right sides of the screens
(x=2p+ 0,y < Yn):

u(Ty +0,y) = 0. (4)

Such boundary conditions can be imposed in the framework of the parabolic
approximation since the governing equation (1) is of order one with respect
to x.

Short wave case is considered:

ka > 1. (5)
The total field is represented as
U = Uiy + Usc,

where u;, is the incident plane wave

2
Uin(T,y) = exp {—zkx% — z'k:y@in} , (6)



and ug. is the scattered field. Angle 6;, is small:
0y < 1. (7)
Boundary conditions for us. are as follows:

usc(xm + 07 y) = _uin(xﬂ’u y)a Y < Ym- (8)

Problem formulation should be supplemented with conditions at the ends of
the screens and with radiation condition. Near the end points (2, y,,) the
total field should be bounded. Boundedness of the field guarantees that there
are no sources at the end points.

Due to the radiation condition the scattered field should not contain com-
ponents coming from the area of large |y| (this fact is taken into account when
the Fourier expansions are constructed).

Geometrical period of the grating along the z axis is equal to 2a. The
incident wave has property:

Uin(l’ + 2&, y) = Xuin(xa y)a X = exp{_ikaeizn .
Due to Floquet theory the scattered field should have the same property:

Use( 4 2a,y) = xus(z,9). 9)

So, in the upper half-plane (y > max(0,y*)) the scattered field can be ex-
panded as series:

00 2
Uge = Z R,, exp {—zk‘x%ﬂ + iky@m} , (10)

m=—00

/ 2mm
= 2 . 11
em 91n _I— k:a ( )

The values of the square root are chosen positive real or positive imagi-
nary in consistence with radiation condition. Positive real 8,, correspond to
diffractions orders, while positive imaginary 6,, correspond to inhomogeneous
waves existing only in the near field. Note that 6y = 6;,. Our aim is to find
scattering coefficients R,,.

The problem contains four geometrical parameters: k, a, y*, 6;,. Due
to the structure of the parabolic equation the problem depends (up to scal-
ing) on two dimensionless parameters: 0:,vka and y*\/k/a. The first one
indicates the domain of small angles by inequality

Hinv ka < 1.



Note that this condition yields Ry ~ —1 for the Weinstein’s problem. Note
also that the values 1/v'ka and 0; — 6y are of the same order according to

(11).

The second dimensionless parameter represents the ratio of the height
mismatch y* to the size of the first Fresnel zone +/a/k. The size of the
first Fresnel zone (not the wavelength!) is an important spatial scale in the

y direction.
Thus

y'Vk/a<k1

corresponds to small difference of the screen heights.

3 Fox—Liintegral equations and matrix Wiener—
Hopf problem

Consider an arbitrary strip X; < x < X, without screens. It is known that
parabolic equation (1) has an explicit solution in this strip:

(o) = [ X yglo ~ Xoy— o)y (12)
where
kY2 (2mx) V2 exp{iky?/(2¢) — im/4}, x>0,
9(z,y) = (13)
07 z < 0.

is the Green function of the entire plane. Using this formula it is easy to
obtain a system of integral equations for the scattered field us. on the half-

lines = = x9(= 0), y > yo(= 0) m z = 21(= a), y > (= y"):

0 0

Use(a,y) =/usc(O,y’)g(a,y—y’)dy’—/uin(07y’)g(a,y—y’)dy/, y >y,
0 —00

(14)

Xsc(0,y) :/usc(a,y’)g(a,y—y/)dy’—/uin(a,y’)g(a,y—y’)dy’, y > 0.
y* —0o0

(15)

Boundary conditions (8) are taken into account here. Also, the Floquet
relation (9) is used in derivation of the second equation.
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Equations (14) and (15) form the system of Fox—Li integral equations for
the considered problem. Apparently, this system can be solved by iterations.
Such a solution is not however helpful for finding the coefficients R,, due to
slow convergence of the iterative series. Moreover, the iterative series does not
enable one to establish asymptotic properties of the scattering coefficients.
That is why we propose another method for solving this problem (the method
of embedding formula, spectral equation and OE-equation).

A matrix Wiener-Hopf equation can be constructed from system (14),
(15). Introduce Fourier transforms for the unknown functions:

o0

Uo(€) = / e, )V, (16)
0
01(6) = [ welas)e 0"y, (17)

y*
Also, introduce auxiliary funcitons

0

Wo(€) = /usc(—O,y)e’fydy, (18)
;
Wa(e) = / (@ — 0,)e <01 dy. (19)

Rewrite the system (14), (15) as follows:

Wo Uy
. K - = 20
( Wi > " < Uy > B (20)
where

_ 1 — exp{ikab}, —ify* —ia&®/(2k)}
K©) = ( —exp{i€y" —ia&?/(2k)} 1 ) ’

i exp{ify* —ia&?/(2k)}
I‘(@ - € + ki ( exp{ikd@?n —iy* — iafZ/(Zk‘)} ) . (22)

Unknowns Uy, U in (20) should be regular and decreasing functions in the
lower half-plane of the complex variable . Functions WO, W; should be
regular and decrease in the upper half-plane.

Wiener-Hopf problem derived here is a matrix one, and the authors are
not aware of its solution.




4 Edge Green functions

The main idea of “embedding” is to reduce the initial problem to two (in the
current case) simpler auxiliary problems. Introduce the edge Green functions
vp and vy as solutions of the following inhomogeneous parabolic equations:

o 1
and 9 1 2
(%+ﬂa_y2)”1:m_“_o’y_y*) -

on the plane with perfectly absorbing screens described earlier. One can see
that the edge Green functions are generated by point sources. The sources
are shown in Fig. 3. Arguments z — 0 u x — a — 0 mean that the sources are

Ya Va (a’y *)

\ ) \ y
T

a) b)

Fig. 3: Problems for the edge Green functions: case a) corresponds to vy,
case b) corresponds to v;.

placed to the right of (0,0) and (a, y*). This lay-out guarantees that function
vo(z,y) is equal to g(x,y) in the area 0 < z < a and function vy (x,y) is equal
to g(xr — a,y — y*) in the area a < x < 2a. By using geometrical periodicity
introduce edge Green functions v, for any n € Z:

Um+2n(xvy) = Um(w - 2an,y), m=0,1.

Define the directivities V,,, of the edge Green functions v,, as coefficients
of the leading terms of the asymptotic expansions:

U (2, y) = (T = T, Y = Ym) Vi (y — Z:) +o((w—zn)"?), m=0,1
(25)



The parabolic equation and formula (12) enables one to construct a formal
representation for v, (x,y). Obviously,

vm(z,y) =0 for v < . (26)
Then
U (2,Y) = 9(x — T, Y — Ym) for x,, < x < Tyy1, (27)
Um(z,y) = /vm(xn —0,9)g(x — xp,y —y)dy  for z, <x < xpy1. (28)
Yn

Thus, the expression for v,,(z,y) in the strip x,, < < z, 41 contains n —m
nested integrals. However, such a solution is not useful for calculation of the
directivities V,,,(0).

Introduce the values that play an important role below, namely the edge
values of the edge Green functions:

Zmn = M Uy (T, Yn) m <n. (29)
T—Tn—0

The limiting procedure is necessary because solution of the parabolic equation
obtained by (28) is generally discontinuous at the point (x,,y,). The left
limit is taken due to the continuity of the field on the left side of the screen.
Prove an important formula that will be used in derivation of the spectral
and evolution equation. Consider a more general problem. Let the ends of
the absorbing screens have arbitrary coordinates (zp,,ym) (i. e. we discard
conditions (2), (3)). By analogy, introduce edge Green functions for this
problem. Obviously, edge Green functions are still expressed by formulae
(26), (27), (28). Consider a family of such problems indexed by parameter c.
Let values y,, in this family be smooth enough functions of . We denote
the edge Green functions of this family by v,,(«, z,y) and the edge values of

the edge Green functions by z,, ,(a) (by analogy with (29)).

Theorem 1 The following formula is valid

O (o, z,y)
o N
> W OYp OYpm O (v, )
Z ( 5o 804) Zmn(Q)vp (0, 2, y) 5 9 ) (30)

n=m-+1

Proof Introduce for each = an integer parameter n(x), such that z,) <
T < Ty + 1. The theorem can be proven easily by induction with respect
to n(z) —m. Formulae (27), (28) should be used.
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Formula (27) works for n(z) = m, and this case is easy to verify (there is
no summation in the right side of (30)). This is the base of induction. Make
the inductive step. Suppose that the statement (30) is valid for n(z) —m =
[ — 1. Then for n(x) —m = [ we have

ov 0
— == Vi (Tomgr — 0,9)g(x — 2y, y — 4 )dy =
5o aa/ (Zm11 — 0,9")g( oy —y)dy
Ym+1
8ym l
- a + Um(xm-i-l - 07ym+l)g(x —Tm+1,Y — ym-‘rl)
I6"
[ vl 0,4/)
U\ T+t — U, Y
+/ ga 9 = T,y — y)dy'.
Ym41

The derivative in the last integral can be transformed using (30) (here we
use the induction conjecture). Taking into account that

/ Un(Tmir = 0,9)9(x = T,y — y)dy = vn(,y),
Ym+1
and also
r aUm<Oé, Tm+l — 07 y/)
/ a; 9(x = T,y — Y )dy' =
Ym+1

a'Um Of,l’, 8 m

we obtain (30) for n(z) —m =1. O

5 Embedding formula

An embedding formula links the scattering coefficients of the initial problem
with the directivities of the edge Green functions. The formula is given by
the following theorem:

Theorem 2 For m corresponding to real positive 6,, the following identity
is valid:

_ 2711:0 Vi (i) Vi (O) exp {ikn (07, — 63)/2 — ikyn (0 — 0n)}

B 2ikably (O + Om)
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Sketch of the proof The proof of this theorem is very close to the proof
of corresponding statement from [5]. Here we list only the main steps of the
derivation of the embedding formula.

Apply differential operator

H = a% + ikyOin (32)
to the total field u(z, y). It was shown in [5] that the field w(z,y) = H[ul(x,y)
satisfies the parabolic equation, the boundary conditions on the screens, and
the radiation condition, but it has sources with amplitudes t,, (z,, ym) at the
vertices (T, Ym). Thus, using uniqueness of the solution one can represent
w(z,y) as a superposition of the edge Green functions v,:

o0

Hlu)(w,y) = Y ulan —0,yn)va(z,y)- (33)

n=—oo

The values of the field u(z,, — 0,y,,) at the end points of the screens can be
expressed through the edge Green functions with the help of the reciprocity
theorem for the parabolic equation. The expression is as follows:

w(xm — 0,Ym) = exp {—ikxmﬁfn/Z + ikymein} Vin(Oin). (34)

Substituting this expression into (33) and considering the directivities of the
fields we obtain (31). O
(31) takes the simplest form for the case of mirror reflection, i. e. for Ry:
(Vo(Bin))* + (Vi (61m))*

Ro = 4ikab?, ' (35)

Thus, in order to solve the original problem we need to find the directivities
Vo, Vi.

6 Spectral equation

Theorem 3 A row-vector comprised of directivities (Vo(0),V1(0)) satisfies
the ordinary differential equation

5V, V1) = (¥, VTI(8y)CL60, 5711 0, (36)

with the initial condition

Vo(+o0) =1, Vi(+00) =1, (37)
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where

II(0y") = (é exp {_2,@*9}) ; (38)

co.) = (G 6. (3)

Coo(0,y") i (Tom — X0)20.2m €XP {zk: Tom — To 02/2} (40)

m=1

Cio(0,y") = i(m2m+1 — Z0)20.2m-+1 €XP {ik(mgmH - x0)92/2} , (41)
m=0

Coa(0,y") = i(meH — Z1)21 2m+2 €XP {ik(a:2m+2 — x1)92/2} , (42)
m=0

01,1(9, y*) = Z(!E2m+1 - $1)21,2m+1 exp {ik($2m+1 - $1)92/2} . (43)

m=1

Proof Derivation of the spectral equation is very close to the derivation of
the corresponding equation from [5]. Here we use (30) for this. Fix value of
m as 0 or 1. Introduce a family of problems having the same values x,, as in
(2) but different values y],:

y':’L = Yn + O‘(In — Tpn).

Due to the fact that operator

K, =(x— xm)3

oy iky (44)

is the symmetry operator of the parabolic equation in the classical sense, it
is possible to construct solutions for all « if a solution for e = 0 is known:

vp(o,,y) = vp(2,y — alx — 1)) exp{ika(y — ym) + ika*(x — 2,,)/2}.

Besides, it follows from the last equality that

OV,

oo

Apply formula (30) to the left-hand side of the last equality and put a = 0.
It yields

Km[vm] = -

[e.e]

Kpvp](z,y) = Z (Tn, — Tm) ZmnUn (T, ).

n=m+1

12



Consider the directivities of the fields in the right and in the left. As the
result, obtain (36). O

In [5] it was shown that the spectral equation can be formulated in a more
general way. A similar statement is valid in our case.

Theorem 4 The following ordinary differential equation is valid:

9 (Voo Vi Voo Vi (Y oy
5 (B B = (B W) mencw/m e, @
‘/170 ‘/1,1 ‘/170 ‘/131

00
where -
Voo(0,p) Z 2.0(0) exp {ik(za — zo)p} (46)
Vl 0 9 p Z 2041, 0 exp {ik($21+1 - 1’0)]9}, (47)
1=0
Vo.(0,p) Z Var1(0) exp {ik(zo — 21)p}, (48)
Vii(0,p) = Z Vor41,1(0) exp {ik(zo 11 — 21)p} (49)

=0

Vm,nw) =

—exp{ik(x,, — x,)0%/2} / Un(zm — 0, y) exp{—ikO(y — y,) }dy, m > n,
. (50)
Vinm(0) = 1,
Vinn(0) =0, m < n,

and p has an arbitrary compler value with a nonnegative imaginary part.
Values Vp (6, p) are directly connected with the directivities:
%(0) = ‘70,0(‘9a O) + ‘71,0(0a O)a ‘/1(‘9) = %71(9, 0) + ‘71,1(0a O) (51)

These relations are close to (28) from [5]. Then,

Yn

Vi(0) = 1= > exp {z’k%(xn—xm)} /vm(:vn—O,y) exp{ik0 (ym—y) }dy.

n=m-+1 o

(52)
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The values introduced here can be interpreted as follows. Formula (52) ex-
presses the directivities of the edge Green functions through the integrals of
the field on the surface of the screens. The first term that does not contain
an integral (the unity) represents a contribution from the point source. Con-
tributions of different screens can be treated separately. These contributions
are closely related to the directivities on the branched surface introduced
in [5]. Parameter p has no physical meaning, it is the variable of the dis-
crete Fourier transform with respect to the number of the screen. Spectral
equation (36) follows from (45) when p = 0.

Thus when matrix C(6,y*) is constructed it will be possible to determine
Vo, V1 as a solution of the spectral equation (36) with the initial condition
(37).

Formulae (40), (41), (42), (43) cannot be used for calculation of the co-
efficient C(#) due to slow convergence of the series there.

7 OE—equation
Introduce a notation for a solution of a matrix ordinary differential equation.
Consider an equation of the first order:

%X(T) = X(7)K(7). (53)

Solve it along contour h with start point 7, and end point 75. Also set the
following initial condition:

X(Tl) =L

By definition
OE,, [K(7) dr| = X(72). (54)

Theorem 5 Function C(0,y*) satisfies the following equation:
OE, [TII(0y") C(v/6* + 2p) I~} (0y")db] = T(p) (55)

for any p (Im[p] > 0),

T(p) = ( 1 - expiikap}) | (56)

— exp{ikap}

contour y is the real axis passed in the negative direction. 6 in the left-hand
side 1s an independent variable, while p is a parameter.

The proof of this theorem is similar to the proof of the corresponding
statement in [5].

14



8 Evolution equation of the first kind

Introduce matrix

* Doy Doa
D(# = ’ ’ o7
0= (e o). 57
Doo(0,y") = Y z02m exp {ik(wom — 20)607/2} | (58)
m=1
D1o(0,y") = Z 20,2m+1€xp { ik (Tomi1 — 10)60%/2} (59)
m=0
D0,1(07 y*) = Z 21,2m+2 €XP {ik(l’zmw - 36’1>92/2} ) (60)
m=0
Di1(0,y") = Z 21 2m 41 €Xp {ik(Tam i1 — 11)6%/2} . (61)
m=1
Obviously,
1 oD
C= 000 (62)

Theorem 6 Row-vector comprised of directivities (Vo(0), V1(0)) satisfies the
following differential equation with respect to y*:

d
dy*

(Vo, V1) = (Vo, V))II(0y*)D(0, y*)IT~ (8y"), (63)

where

B *\ _ 0 DO,I
b =(_p, o). (64
Proof To prove the theorem use the formula (30). Take y* as a.. This yields

Ovp, )
= - Z (¢n - @ij)zmmvn(l‘ay) - @Dm%’

n=m-+1

v (z, )
oy*

where ¢, = 1 for odd n and v,, = 0 for even n. Particularly,

0 , >

% = - Z 20,2041 Vo1+1(2, Y), (65)
1=0

vy (, - dvy (,

% ; 21,2142 Voo (T, ) — %y) (66)

15



Consider the directivities in the previous equations:

8V - * S y 02

3y2 = —Viexp{—ikOy*} Z 20,2141 €XP {Zk(leﬂ - 330)5} , (67)
1=0

3\/ . * - 1 02

ayi = Voexp{ikOy"} Z Z1,21+2 €XP {Zk($2l+2 - 33'1)5} ‘ (68)

=0

The last pair of equations can be rewritten in terms of (63). O )
Evolution equation can be written in more general form for values V;,, (0, p)
(as for the spectral equation).

Theorem 7 The following ordinary differential equation is valid :

9 (Voo Vo1) (Voo Vm) - 1
_? _ g _ 7 —= ]___[0 * D 92 2 H 0 * . 69
o (1 ) = (e o) ey DT I 0). (09

Proof To prove this statement return to (65)-(66). Multiply the left-hand
side and the right-hand side by

—exp{ik(zm — 2,)0%/2 — ikO(y — yn)}, n=0,1

and integrate them along the line x = z,,, — 0, —o0 < y < y,,,. This yields

0 ~ - . KT

gy Vmo(®) = " 2o explik(wass — 20)02/2 — kOy* }Vin 2111,(70)
1=0

a 5 o

—Vna(0) = Z 219142 exp{ik(zarre — 11)07/2 + ikey*}‘}m,2l+2' (71)
1=0

Introduce the values
a0 (0) = 21 exp{ik(z; — 2,)0%/2}. (72)

Equations (70)—(71) can be rewritten in the following way:

0 ~ nd N o

6_y*vm’0<0) = —Zaglﬂ,onng(@) exp{—ikfy*}, (73)
1=0

2, ) = ia Vinor2(0) exp{ikfy*} (74)

5y* m,1 - 204-2,1 V'm,20+2 P Y g

=0

It is easy to notice that functions V,,,, and coefficients q;, satisty the peri-
odicity conditions

Vm,n(e) = Vm+2,n+2(9)a am,n(e) = am+2,n+2(9)‘
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Moreover, the right-hand sides of the equations are of a convolution nature.
This fact enables one to apply the discrete Fourier transform to equations
(73) and (74). Let us multiply (73) and (74) by exp{ik(x,, — z,)p} for
arbitrary p with Im[p] > 0 and make a summation over all m. The result is
as follows

0 (Voo ‘_/01) (Voo V()l) (0 &01) -1
AR el G R (R RGO
oy* <V1,0 Vi Vie Vii (0y°) —a1o 0 (0y) (75)

where

a1 o(0,p) = Z agi1,0(0) exp {ik(xo41 — z0)p}, (76)
=0

do (0,p) = > any2.1(0) exp {ik(wao — 21)p} . (77)
1=0

Besides, by comparing (59)—(60) with (76)—(77) we get the identity

(Lo, ") 0 = DT, (79)

—a1,0
O
Equation (63) also follows from this result.
9 Evolution equation of the second kind
Equation (79) will be called the evolution equation of the second kind.

Theorem 8 Matriz D(0,y*) satisfies the following equation:

d (0D 2 wn[d = oD -
%<ay*)_—ky9[D,a]+{%,D}, (79)

. (8 (1’) . (80)

Proof To prove the theorem consider equations (45) and (69) written for

matrix (V},,) with p = 0 and use the obvious property

gi %’0 %,1 — 9 2 %,0 %’1 (81)
00 oy* \Vip Via oy*00 \Vip Vii/)~

where

(11
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After a simple algebra obtain matrix equation

L 0 (Ha_DH—l) _ 0 (HDH‘1> S {8_D D} . (82)

ik0 oy \© 90 ~ 00 ik0 | 90’

Multiply the equation by II=! on the left and by II on the right. Also, it is
taken into account that

o1l ot
' —— = —ik6=
oy* = oy*
Thereby obtain (79). O
Evolution equation of the second kind can be integrated at y* = 0. The

Il = ik§=. (83)

result is aD(6.0) (D )2
) 0.1 0
— ’ . 84
el (R (84
The value of Dy 1(6,0) can be found with the help of (60):
D(]’l(e, 0) = Z ZO,2m+1 exp {Z/{(I'2m+1)92/2} > (85)
m=0

The values 2y, at y* = 0 are represented by the following nested integrals:

ZO,n = (86)

oo o0

/- : -/g(a, y1) 9(a, y2 — 1) - - 9(a, Yo — Yn-1) 9(& — Ty — Yn) dyr - - . Ay
0 0
Integrals of the class of (86) are calculated explicitly in [6]:

/ L o0 einka€2/2 6inka02
D0,1(97 0) = dQrai Z n3/2 - (2n)3/2 . (87)
n=1

It follows from (84) that

oD
—(0,0) = 0. 88
5 (0.0) (53)
Therefore matrix D obeys the following asymptotics for y*+/k Ja < 1:
. . 2
D(6.y) = D(6.0) + 0 ( (s Vi) )., (%9)
where Do (6.0)
~ . 0 0,1\Y, O
D(#,0) = (—Do,1(9,0) 0 > . (90)
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10 Asymptotic estimation of the coefficient R
Introduce the following notation:

n=y"\Vk/a. (91)

Consider again the evolution equation of the first kind (63). Search the
solution as an expansion in a small parameter 7:

Vin(0,y7) = VOO) + nVI0(0) + V2 (0) + ...,  m=0,1,  (92)

where V() is a solution of the classical Weinstein problem (y* = 0), which
can be calculated explicitly and which has the following form [4]:

VO — exp { 1 Z erfc(0+/—in/2ka) } | (93)

2 n

n=1

where erfc(z) is the complementary error function:

2 < s
erfc(z) = — e " dr.

Substitute (89) and (92) into (63) and expand in 7. In the first approximation
we get:
Vin = V% — (=1)™Dy1(6,0)V°(0)n + ... (94)

One can notice (by substituting (94) into embedding formula (31)) that the
term having first order in 77 does not contribute to the scattering coefficient
Ry. This result is quite obvious from the geometrical point of view.

In order to compute the quadratic term (with respect to 1) it is necessary
to use relation (88). Due to (63),

62
I(y*)?

We are interested in the value of the second derivative at y* = 0, therefore
II =1 Also

(Vo, Vi) = (Vo, VIO <D2 + g—;)* + ik&[ﬁ,E]) mt. (95)

D =[D,Z].
Using (95) and (88), we get the following expression in the second ap-
proximation

2

Vi = VO (=1)™ Dy, (0, o>v0(9)n—%% ((Do.1(6,0))> — ikODy 1 (6,0)) VO(6)+..
(96)
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Eventually by substituting last relation into the embedding formula we obtain
the following expression for the reflection coefficient Ry:
(V°(0))* (1 +iabDy1(6,0)n?)

_ 2
R(] = 2ikal? + 0(7] ) (97)

For small angles 6 formula (97) takes the following form:

Ry=—1—¢ (%) \/?(1—@')0—4 (g) \/?(1—%2’)2_5/2(2\/5—1)6’n2+0(n2).

(98)
It follows from (98) that a high-frequency mode close to the cut-off in
a waveguide with staggered walls has is reflected from the open end of the
waveguide with the coefficient close to —1 provided that y*\/k/a < 1. This
follows from the fact that the term containing n? is proportional to 6. This
fact is similar to the Weinstein’s result.
The authors suppose that the coefficient Ry(6,y*) tends to —1 for ar-
bitrary y* as § — 0. However, this statement cannot be proved by the
technique developed here.

11 Numerical results

Here we determine the coefficient C (\/ 6% + 2p> by direct solving of the OE-
equation (55).
Introduce new variables

T =kat* + B, B = 2kap.
OE-equation changes as follows:

B(r, 8)dr
2y/ka(t — B)

T_B / -1 T_B
B(775)2H< ka )C(T)H ( W)’

T'(8) = ( 1 - eXp{ib’/?}) | (100)

= T,(ﬁ)a Im[ﬁ] >0, (99)

OE’Y'(ﬂ) [

where

—exp{iBf2} 1
C'(r)=C (N/T/(/m)) .
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Im[7]
Y'(B)
—{; ——— Re[7]

Fig. 4: Contour ~'(B).

and 7 is going along contour 7' shown in Fig. 4.

It is necessary to determine C’(7) on the positive half of the real axis in or-
der to calculate reflection coefficients R,,. However, matrix C'(7) transforms
as follows:

C'(1 +2mn) = I1,C/ (71T, (101)
where
1 0
= (0 exp{—mn}) ’ (102)

therefore it is sufficient to solve the OE-equation only on the segment (0, 27).
OE-equation is solved along contours ['; and I'y shown in Fig. 5. We solve the

Im[53] 4 Iy ®o

I

N
0 2m Re[f]

Fig. 5: Koumypw 'y u [s.

OE-equation using a gradient procedure. Both contours start at the point
¢o having large imaginary part. Therefore we set

C'(¢) = 0.
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Contour I'y is divided into small segments by nodes ¢,,, n =0,1,2,..., N. Let
¢n = €, where € is a small positive value. (We choose a nonzero € because the
OE-equation has singularities at the points § = nn, n € Z.) Then we find
C step by step at the points ¢1, ¢o, @3, ...¢0n. To do this we have to solve the
OE-equation (99) with parameter 8 = ¢,. We suppose that C'(7) is known
at the nodes ¢1, ¢o, @3, ...¢0,_1. The coefficient at the node ¢, is found by the
gradient procedure. The starting value for gradient procedure is chosen as
follows

C'(1)(¢0) = C'(7)(#n-1), (103)

i. e. we choose the value of the previous point as the starting approximation.
The residual is calculated:

OE’y[ B(r. ¢u)
2\ ka(T — ¢n)

Using the gradient procedure we make the residual small enough. Then we
move to the next step and so on.

The same procedure is repeated on contour I's. Coefficient C'(7) becomes
known on the segment (0,27). Then the spectral equation (36) is solved
along contours I'y o, I'1o + 27, I'1 o + 47 etc. Directivities Vj, Vi become
determined. Finally by applying the embedding formula (31) we find the
scattering coefficients R,,.

To verify the validity of the numerical results we use direct calculation
based on formulae similar to (28). Numerical results are shown in Fig. 6 and
Fig. 7. Fig. 6 displays the dependence of the scattering coefficient Ry on

p = akb?, for
y' /v (a/k) =1/4.

Fig. 7 displays the same dependence for

y*/V(a/k) =1/3.

Solid lines correspond to calculations performed using the spectral equa-
tion method. The results of the direct computations are plotted by dotted
lines. One can see that the agreement is reasonable. The embedding for-
mula is not checked, since it is assumed to be a well-established result in the
diffraction theory (e. g. see |7]).

— T(¢n) (104)

12 Conclusion

The method of spectral equation and embedding formula [5] is applied in
the present paper to a problem of diffraction by two-height grating. Some
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Fig. 6: Dependence p|Ro(p)| on p for y*/\/(a/k) = 1/4. The solid line
corresponds to spectral equation method and the dotted line corresponds to

direct computations

important results are obtained using this technique. Namely, an asymptotic
formula (98) for the scattering coeflicient Ry obtained using the evolution
equation is the main result of the paper. This formula allows one to calcu-
late Q-factor of Fabry—Perot resonators with staggered mirrors or mirrors of
different height under the assumptions of small displacement (y*\/k/a < 1).

The work is supported by RF Government grant 11.G34.31.0066, “Scien-
tific school” grant 2631.2012.2, RFBR grant 12-02-00114.
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